We study expansive dynamical systems in the setting of distributive lattices and their automorphisms, the usual notion of expansiveness for a homeomorphism of a compact metric space being the particular case when the lattice is the topology of the phase space ordered by inclusion and the automorphism the one induced by the homeomorphism, mapping open sets to open sets. We prove in this context generalizations of Mañé's Theorem and Utz's Theorem about the finite dimensionality of the phase space of an expansive system, and the finiteness of a space supporting a positively expansive homeomorphism, respectively. We also discuss the notion of entropy in this setting calculating it for the non-Hausdorff shifts.
Introduction
Let (X, d) be a metric space and f : X → X a homeomorphism. It is said that f is expansive iff there exist δ > 0, an expansivity constant, such that if x, y ∈ X and d(f n x, f n y) < δ for all n ∈ Z then x = y (see [13, §1] ). When X is compact by [5, Theorem 5] this is equivalent to uniform expansivity, that is, for all ε > 0 there exists N ∈ N such that if x, y ∈ X and d(f n x, f n y) < δ for all |n| ≤ N then d(x, y) < ε. In that case, if we consider a finite open cover U of X by sets of diameter less than δ we have that the following property holds: (1) for any open cover V of X there exists N ∈ N such that |n|≤N f n U ≺ V , where |n|≤N f n U denotes the collection of all subsets U ⊆ X of the form U = |n|≤N f n U n with U −N , . . . , U N ∈ U , and ≺ means that each of these subsets U is contained in some member V ∈ V . Indeed, given V let ε > 0 a Lebesgue number for V , that is, if U ⊆ X has diameter less or equal to ε then U is contained in some member of V , and choose N ∈ N corresponding to this ε in the definition of uniform expansivity above. Then, as the members of U has diameter less than δ, the uniform expansivity property implies that the members of |n|≤N f n U has diameter less or equal to ε, hence |n|≤N f n U ≺ V as claimed. Conversely, is not difficult to see that the existence of an open cover U with the property (1) implies that f is uniformly expansive, any Lebesgue number for U being an expansivity constant.
The above equivalent condition for the expansivity of a homeomorphism of a compact metric space in terms of open covers is interesting because it does not mention the metric, so that it has sense for any topological space non necessarily metrizable. This point of view is exploited in [1] where the refinement expansive homeomorphisms are introduced as those homeomorphisms of an arbitrary topological space admitting a finite open cover U , called refinement expansivity cover, having the property (1) above (see [1, Definition 3.6 and Theorem 3.9]).
Other authors also considered topological definitions of expansivity not mentioning a metric, for example in [9] using generators (see [9, Definition 2.4] ), or in [4, 8] by means of closed neighborhoods isolating the diagonal in the square of the phase space (see [8, p. 489] , [4, §2 p. 1163] ). However all these definitions implies the metrizability of the phase space in the compact case (see [9, Corollary 2.8] , [8, Lemma 2] , [4, Corollary p. 1164] ), so that the concept of expansivity they manage is in fact equivalent to the usual one in the metric context. Refinement expansivity in turn does not imply metrizability and there are examples on non-Hausdorff spaces such as the non-Hausdorff shifts introduced in [1, §4.1], whereas assuming the Hausdorff separation property refinement expansivity is equivalent to the usual metric expansivity.
In this work we exploit another important characteristic of the definition of refinement expansivity, that the other topological definitions of expansivity discussed above does not have: it does not mention the points of the phase space, only the action of the homeomorphism on the open sets, that is, on the topology. Then refinement expansivity of a homeomorphism f : X → X of a topological space (X, τ ) is actually a property of the map λ f :
At this level we point out that in order to derive some properties of refinement expansive homeomorphisms we only need that L X is closed by finite unions and intersections, and that λ f preserves them. Consequently we are moved to consider a definition of expansivity in the context of distributive lattices and their automorphisms, the topological context being a particular case.
In §2 we introduce the expansive lattice automorphisms (Definition 2.4) and prove some basic properties such as the invariance by conjugations and the expansivity of the powers (Propositions 2.6 and 2.7). In §3 Theorem 3.4 we generalize Mañé's Theorem [10] which asserts that if a compact metric space admits an expansive homeomorphism then it has finite topological dimension. In §4 Theorem 4.4 we extend the result known as Utz's Theorem, proved in [7, 12] , that does not exist positively expansive homeomorphisms in compact infinite metric spaces. Finally, in §5 we briefly discuss a notion of entropy for lattice morphisms calculating the entropy of non-Hausdorff shifts in Proposition 5.3.
Expansiveness
In this section we introduce the basic terminology and notation for lattices. We define expansivity for a lattice automorphism in Definition 2.4 and show some basic properties in Proposition 2.6 and Proposition 2.7. Definition 2.1. A lattice is an partially ordered set (L , ≤), that is, ≤ a transitive, antisymmetric and reflexive relation on the set L , such that for every pair of elements u, v ∈ L there exist (unique) elements u ⊔ v, u ⊓ v ∈ L which are the least upper bound and the greatest lower bound, respectively, of the set {u, v}. A lattice is called distributive if one of the following equivalent conditions hold:
A lattice is said to be bounded if L has maximum and minimum elements denoted 1 and 0 respectively. In this article the term lattice stands for a bounded distributive lattice such that 0 = 1, unless otherwise is stated.
If C ⊆ L is a finite subset of a lattice then it is easy to see that there exist members of L which are the least upper bound and the greatest lower bound of C , denoted C and C , respectively. In particular we have ∅ = 0 and ∅ = 1.
Note that if (X, τ ) is a topological space then the topology L X = τ ordered by inclusion, that is ≤ = ⊆, is a lattice, with minimum element 0 = ∅ and maximum 1 = X. The reader interested only in topological dynamics can always assume in what follows that we are working on lattices of this type, with the union and intersection operations as the operations ⊔ and ⊓ of the lattice.
Note that ≺ is a preorder (a transitive and reflexive relation) and that ∼ is an equivalence relation. The operation ∧ is associative and commutative,
If λ is an automorphism and n ∈ Z we define λ n as the n-fold composition λ • · · · • λ if n > 0, λ 0 = id L the identity map, and λ n = (λ −1 ) −n if n < 0.
It is easily checked that composition of morphisms is a morphism and that the inverse map of an isomorphism is an isomorphism, then we see that lattices and their morphisms form a category whose isomorphisms are precisely the lattice isomorphisms. It is straightforward to verify that any morphism is monotone, and by [6, Theorem 2.3] we have that a monotone bijection whose inverse map is also monotone is necessarily an isomorphism.
Let λ : L → L ′ a map between lattices and U , V ⊆ L . If U ≺ V and λ is monotone then λU ≺ λV . If λ is a morphism then λ(U ∧ V ) = λU ∧ λV . If U is a cover, λ is a morphism and λ(1) = 1 (in particular if λ is an isomorphism) then λU is also a cover.
For topological spaces (X, τ X ), (Y, τ Y ) any continuous map f : X → Y induces a map λ f : L Y → L X between the lattices L Y = τ Y and L X = τ X given by
We see that λ f is a unital morphism, and λ is an isomorphism iff f is a homeomorphism. The assignment X → L X , f → λ f gives a contra-variant functor from the category of topological spaces and continuous functions to the category of lattices and their unital morphisms.
Definition 2.4. Let L be a lattice and λ : L → L an automorphism. We say that λ is expansive iff there exists a cover U ∈ C (L ) with the following property:
Any such cover U is called expansivity cover for λ.
If f : X → X is a homeomorphism of a compact topological space, and λ f : L X → L X is the induced lattice automorphism, then λ f is expansive according to Definition 2.4 iff f is uniformly refinement expansive as in [1, Definition 3.6] , where an expansivity cover for λ f is called uniform refinement expansivity cover for f . By [1, Theorems 3.9, 3.13 and 2.7] we have that if X is a compact Hausdorff space then λ f is expansive iff X is metrizable and f is expansive in the usual metric sense.
Note that if U is an expansivity cover for a lattice automorphism λ then any cover finer than U , in particular any cubcover of U , is also an expansivity cover for λ. This is because
Remark 2.5. In [3] a notion of expansivity for automorphisms of unital abelian rings is introduced, which is similar to Definition 2.4. The ordered set L considered in that article is the collection of ideals ordered by inclusion and the automorphism of L the one induced by the ring automorphism mapping ideas to ideals. However in the set of ideals the authors considered as the operations ⊔ and ⊓ the sum and the product of ideals. Although distributivity holds for these operations clearly the product of ideals does not give in general a greatest lower bound.
To end this section we present two basic results generalizing well know properties of expansive homeomorphisms. Proposition 2.6. Let λ, λ ′ be lattice automorphisms such that ϕλ = λ ′ ϕ for some lattice isomorphism ϕ. Then λ is expansive iff λ ′ is expansive.
Proof. If U is an expansivity cover for λ then it is easily checked that ϕU is an expansivity cover for λ ′ . Proposition 2.7. Let λ be a lattice automorphism and m ∈ Z, m = 0. Then λ is expansive iff λ m is expansive.
Proof. As by Definition 2.4 we clearly have that λ is expansive iff λ −1 is expansive, we can assume m > 0. If λ is expansive let U be an expansivity cover for λ and define the cover U m = m−1 k=0 λ k U . For every N ∈ N we have
Then we see that U m is an expansivity cover for λ m which is therefore expansive. Conversely, if λ m is expansive then λ is expansive as well, because if U ∈ C (L ) and N ∈ N clearly we have |n|≤mN λ n U ≺ |n|≤N λ mn U . Then any expansivity cover U for λ m is also an expansivity cover for λ.
Mañé's Theorem
In [10] Mañé proves that a compact metric space admitting an expansive homeomorphism has finite topological dimension. In this section we consider the generalization of this result to the context of lattice automorphisms in Theorem 3.4.
The concept of dimension we use here is the obvious natural version for lattices of the Lebesgue's covering dimension as defined for example in [11, Definition I.4 ]. where | · | denotes cardinality. The dimension of L is defined as
if the latter set is not empty, and dim L = ∞ if it is.
Note that if X is a compact topological space and L X is the associated lattice then dim L X as defined before coincides with the covering dimension of X.
The following result corresponds to [10, §2, Lemma I] of Mañé's paper.
Lemma 3.2. Let λ : L → L be an expansive lattice automorphism and U an expansivity cover for λ. Then, for every cover V there exists a cover W such that
Proof. Given V ∈ C (L ) Let N ∈ N be such that |k|≤N λ k U ≺ V and define W = |k|≤N λ k U . Then, for all n ∈ N and l ∈ Z such that |l| ≤ n we have
Since |l| ≤ n was arbitrary we conclude that λ −n W ∧ |k|≤n λ k U ∧ λ n W ≺ |l|≤n λ l V , for all n ∈ N and we are done.
Let L be a lattice and consider a cover U ∈ C (L ). We denote
hence u 1 ⊓u 2 = 0 and v 1 ⊓v 2 = 0, and therefore w ′ = (u 1 ⊔u 2 )⊓(v 1 ⊔v 2 ) ∈ U 2 ∧V 2 and as w ≤ w ′ we are done. Note also that if λ is an automorphism of L then (λU ) 2 = λ(U 2 ). Combining these properties we obtain the result that we remark next for future reference. 
for any finite set I ⊆ Z.
For a finite subset V ⊆ L of a lattice L an element c ∈ L is said to be a
Now we are ready to introduce the main result of this section. Proof. Let λ be a lattice automorphism of L and U ∈ C (L ) such that U 2 is an expansivity cover for λ. Then, by Lemma 3.2, there exists W ∈ C (L ) such that
We claim that dim L < |W | 2 . Given n ∈ N consider the covers
Note that W w n = w ∧ V n = w for each w ∈ W n because V n = 1, hence, as W n = 1, we have V W n = 1, that is, V W n is a cover. To prove the claim we will show that for all n ∈ N we have (a) ord V W n ≤ |W | 2 , and (b) V W n ≺ U n , so that V W n can be taken finer than any given cover, because, as U ≺ U 2 , U is an expansivity cover for λ and U n = |k|≤n λ k U by definition.
To
and therefore v 1 ⊔ v 2 ≺ U n by the relation (2) above. Similarly, by the same reasoning applied this time to v 1 ⊔ v 2 and v 3 instead of v 1 and v 2 , we have v 1 ⊔ v 2 ⊔ v 3 ≺ U n . Repeating this procedure we conclude that v = m i=1 v i ≺ U n , as desired. Finally, to show (a), note that W n = λ −n W ∧ λ n W has at most |W | 2 members. Then, as for each w ∈ W n we have that V w n is pairwise disjoint, we deduce that at most |W | 2 members of V W n = w∈Wn V w n can have a meet different from 0. That is, ord V W n ≤ |W | 2 . Remark 3.5. For every expansive homeomorphism of a compact metric space with expansivity constant δ > 0, any finite open cover U whose members has diameter less than δ/2 satisfies that the members of U 2 has diameter less than δ, and therefore U 2 is a refinement expansivity cover for the homeomorphism as explained in [1, p. 110 ]. Hence, we see that the lattice automorphism associated to an expansive homeomorphism of a compact metric space always verifies the hypothesis of Theorem 3.4, and consequently we obtain Mañé's Theorem as a particular case.
Utz's Theorem
In this section, in Theorem 4.4, we extend to the context of lattice automorphisms the following result known as Utz's Theorem: if a compact metric space supports a positively expansive homeomorphism then it is finite. We refer to [7, 12] for a proof of this assertion and the definition of positively expansive homeomorphism. It can be shown that if f is a homeomorphism of a compact metric space X, then f is positively expansive in the usual metric sense iff the induced lattice automorphism λ f : L X → L X is positively expansive according to Definition 4.1.
The following result corresponds to [1, Lemma 3.19 ]. We claim that this is true for every m ∈ N. Proceeding by induction suppose that m ≥ 2 and that the latter equivalence is true when m is replaced by m − 1. Then using the case m = 1 and the induction hypothesis we have N +m Proof. The proof proceed by induction on the cardinality n = |{u 0 , . . . , u m }| = m + 1. If n = 1, that is m = 0, then v 0 = ∅ = 1, and clearly V = {1} has no proper subcover. Now suppose that the property is true for a certain cardinality n − 1 = m ≥ 1 and consider u 0 , . . . , u m different proper maximal elements of L . We have
where we applied the induction hypothesis to u 1 , . . . , u m to get m k=1 m i=1,i =k u i = 1. This shows m k=0 v k ≥ u 0 . Similarly we have m k=0 v k ≥ u 1 , hence, as u 0 , u 1 are different proper maximal elements, we obtain m k=0 v k = 1, that is, V = {v 0 , . . . , v m } is a cover. Finally, in the above calculation we showed that m k=1 v k = u 0 = 1, so that v 0 cannot be removed from V to get a cover. Analogously, no v k with k = 0, . . . , m can be removed from V , hence V has m + 1 members and no proper subcover.
The following is the principal result of this section, inspired on [1, Theorem 3.20 ].
Theorem 4.4. Let L be a lattice that admits a positively expansive automorphism. Then there exists N ∈ N such that every cover has a subcover with at most N members. In particular L has finitely many proper maximal elements.
Proof. Let U 0 be a cover as in Lemma 4.2 and N = |U 0 |. As any cover is refined by some iterate λ n U 0 , n ∈ N, we see that all covers have a subcover of cardinality less or equal to |λ n U 0 | = N . For the second assertion, note that by Lemma 4.3 there can exist at most N proper maximal elements.
Applying Theorem 4.4 to the lattice automorphism induced by a positively refinement expansive homeomorphism (see [1, Definition 3 .17]) we obtain [1, Theorem 3 .20], because in a topological space having the T 1 separation property the proper maximal open sets are the complements of the points. In particular, considering the compact metric space case, we see that Theorem 4.4 implies Utz's Theorem.
Entropy
In this section we discuss the concept of entropy for lattice morphisms. We recall the definition of non-Hausdorff shifts and calculate their entropy in Proposition 5.3.
The notion of topological entropy for a continuous map f : X → X on a compact topological space X is introduced in [2] . In §5 of that article the authors suggest that the definition of entropy can be formulated in an abstract setting, showing an example in the category of abelian groups. A first evident general scenario where we can state a definition of entropy is the context of lattices and their morphisms. where we agree that the sup(·) function can take values in [0, +∞].
Clearly much of the theory developed in [2] remains valid, word by word, in the context of lattices. In particular, as in [2, Property 8] , the sequence a n = h n−1 k=0 λ k U is sub-additive, so that the limit in Definition 5.1 exists. Also the following result form [9] holds. Let S a nonempty finite set whose elements we call symbols, and let ≤ be a partial order on S. We say that (S, ≤) is lower complete iff every nonempty lower bounded subset of S has a (unique) greatest lower bound. For convenience we introduce a new symbol, say 0 / ∈ S, and agree that 0 ≤ u for every u ∈ S ∪ {0}. Given a lower complete set of symbols S we consider the order topology on S, that is, the topology that has the base B = (0, u] : u ∈ S ∪ {0} , where we denote (0, u] = {v ∈ S : v ≤ u} for u ∈ S ∪ {0}. Let Σ the product space Σ = S Z endowed with the product topology and consider the shift homeomorphism given by σ : Σ → Σ, σ (u k ) k∈Z = (u k+1 ) k∈Z for (u k ) k∈Z ∈ Σ.
Note that for the special case in which the relation ≤ is the identity of S, the order topology of S becomes the discrete topology and (Σ, σ) is the usual shift which is a compact metric expansive dynamical system. In this case we denote the shift as σ met . In the general case (Σ, σ) is a refinement expansive homeomorphism as showed in [1, Theorem 4.2] .
Our ext result generalizes [2, Example 3] where the entropy of the metric shift is calculated obtaining h(σ met ) = log |S|. Proposition 5.3. Let S a lower complete set of symbols and consider the system (Σ, σ) defined above. Then h(σ) = log |S + |, where S + is the set of maximal elements of S.
Proof. By [1, Theorem 4.2] and its proof σ is a refinement expansive homeomorphism and the collection of 0-cylinders U = {C(u) : u ∈ S}, where C(u) = {(v k ) k∈Z ∈ Σ : v 0 ≤ u}, is an expansivity cover for σ. Then, by Proposition 5.2 we have h(σ) = h(σ, U ). Given n ∈ N we have n−1 k=0 σ −k U = C(u 0 , . . . , u n−1 ) : u 0 , . . . , u n−1 ∈ S , where C(u 0 , . . . , u n−1 ) = (v k ) k∈Z ∈ Σ : v k ≤ u k if 0 ≤ k ≤ n−1 for u 0 , . . . , u n−1 ∈ S. It is easy to check that the cover V = C(u 0 , . . . , u n−1 ) : u 0 , . . . , u n−1 ∈ S + , is a subcover of 
